A mathematical model has been constructed to assist in planning the future requirements of a combined haemodialysis and transplantation centre. It has been used to predict the number of patients in the dialysis unit, the general wards, and at home on dialysis, as well as providing further information on transplantation rates and overall costs. The model can be adapted for units with different facilities from our own.
Introduction
Since chronic haemodialysis was first started in this country in the early 1960s there has been a rapid expansion in this field, and there are now 37 units in the British Isles. Less than half of these have access to transplantation.
Problems encountered in running these units include calculating the number of patients on dialysis at home and in the unit as well as the number of transplant operations, as these will influence the number of support beds and transplantation side rooms required. The increase in the number of patients on dialysis will determine the extra number of dialysis monitors needed, with important bearing on the overall costs. The simultaneous rejection of several transplanted kidneys together with the unexpected return to the unit of patients on home dialysis may severely embarrass the bed state on the dialysis unit. With this in mind we have attempted to estimate an optimum input rate of new patients and to show how the national demand for treatment of chronic renal failure will be met by such an input rate.
Our Unit and Problems
The London Hospital unit opened in February 1968 and now combines unit and home dialysis with transplantation (Dathan et al., 1970) . The unit operates six days a week, has nine bed stations, and each patient is dialysed overnight for 14 hours twice a week. This gives a maximum capacity of 27 patients. The daytime is spent training staff and new patients as well as dealing with dialysis commitments arising outside the unit. These include patients who have been recently transplanted or referred with acute renal failure.
In addition to the beds on the dialysis unit, there are three sterile transplant side wards and free access to male and female beds in the general medical wards. Our current unit policy is to accept every patient for whom we have room, unless they are over 50, seem incapable of managing home dialysis, or have a positive Australia antigen reaction in their serum. Providing home dialysis facilities in the East End of London poses special difficulties as many of the patients have to be rehoused. This may take six months or more. This time is used to train the patient for home dialysis and prepare him for transplantation. After arriving home all patients who are agreeable enter the transplant pool. We try, however, to ensure at least two months of satisfactory home dialysis before offering a transplant, as we feel this period enables the patients, in the event of a subsequent rejection episode, to return home in the shortest space (Fig. 1) , attempting to incorporate any situation or sequence of events which might befall a patient from the time of his first haemodialysis. The states were based on a time unit of one month. Such a progression from state to state at regular intervals can be analysed mathematically in several ways. We have adopted a method based on the Markov Chain principle (Kemeny and Snell, 1960; Lu, 1968) , which in this context makes two basic assumptions. The first is that the probability of passing through more than one state in any one month is zero. Thus single transactions can occur only at monthly intervals. It is, however, possible for a patient to be transplanted, reject his kidney, and die all in the space of a few days, but this potential source of error is negligible in terms of five-year planning. The second assumption is that all probabilities are constant with time and are independent of the previous progress of the patient through the unit. We have tested the constant probability assumption by analysing dialysis and transplant survival figures and this appears to be valid. However, as yet we have insufficient data to test the validity in the latter part of the model where, for example, transplantation may have a deleterious effect on subsequent dialysis survival. By varying the intake on to the unit from one to five patients per month, we assessed the respective increase in numbers of patients expected in the various states over these next five years. A further extension of the matrix algebra provided estimates of the variance, and from these we calculated the 950/0 confidence limits relating to our results. The necessary allowances were also made to incorporate our present quota of patients into the scheme.
We found it was important to allow for variations in donor kidney availability and in this respect have been helped by advice from the Transplantation Immunology Department at the London Hospital (Festenstein et al., 1969) . Accordingly, we examined all our results, allowing for a wait of one to six months for a transplant after arriving home on dialysis. It did not seem that such a variation in the wait for a transplant significantly affected any of the principle results over a five-year period. In the case of our unit the average wait for a kidney is four months after they are on home dialysis, and it is this figure which we have used in presenting our results.
The algebraic matrix multiplication was performed on a 1900 Series I.C.L. machine using FORTRAN programming language. (Woodruff et al., 1969) , and arrived at probabilities of graft survival from month to month from this centre. A histogram shows these figures plotted as survival probabilities (Fig. 3) Fig. 3 shows the estimated probabilities as applied to the flow chart.
Results

DIALYSIS UNIT BEDS
The numbers of patients requiring dialysis in the unit has been calculated by adding the numbers in states 1, 2, 3, 4, 5, 6, 7,* 13, 15, 21, 22, 24, and 25.
In order to give a 95% chance of there being 27 patients or fewer on the unit in five years time, it will be seen from Fig. 4 that this limits the intake to 2'3 patients per month. This does, however, give only a mean number of 18 patients in the unit at one year and 20 at five years, allowing for the four-month wait for a transplant. If we were to take on three patients per month the mean number in one year's time would be 22 with a 95% confidence limit of 29, and in five years the figures would be 26 and 34 respectively. We include calculations based on such an intake of three patients per month, as this is the figure that all dialysis units must approach in this country if the national requirements for dialysis are to be met (see Discussion).
TRANSPLANT SIDE ROOMS
The number of transport side rooms required has been calculated by adding the numbers in states 8, 12, 16, and 20. With an input of three patients per month 3'8 side rooms will be required in one year's time and 5-1 in five years' time. The 95% confidence limits are 7-5 and 9'4 respectively (Fig. 5) .
With the same input the transplantation rate is 2'6 per month at the end of one year and 3-1 per month at the end of five years. The proportion of first and second transplants is shown in Fig. 6 At present transplant patients represent 12/50 of the comple- With an intake of three per month the maintenance costs in the fifth year are £39,000 (£50,000). New machines will cost £11,000 (£14,000). The number of patients on home dialysis rises less quickly each year as it approaches the steady state and fewer new machines are required. In 1971 terms it would seem that the home dialysis costs tend to rise to a maximum of about £55,000 per year.
The cost of dialysing a patient in our hospital in 1970 was about £2,500. In five years' time with an intake of three per month the cost of running the unit will be £65,000 (£83,000). Thus the fifth-year total for unit and home dialysis would seem to be £115,000 (£147,000).
Discussion
A mathematical model of a combined haemodialysis and transplantation centre has been constructed in an attempt to forecast future monetary and bed requirements. Such a model can only approximate to overall results and in no way represents the progress of individual patients in the scheme. Individual units with different protocols from our own can readily adapt 675 the model for their own uses. Advances in the surgical or immunological fields which favourably influence the survival probabilities can also be incorporated into the scheme. In this method of analysis the results of dialysis and transplantation were reviewed and the relevant sets of probabilities obtained. These have then been incorporated into the matrix and used to project a picture for the next five years, varying the input on to the unit from between one and five patients per month. As stated earlier, results were examined varying the wait for a transplant from between one and six months and this seemed to have little appreciable effect over a five-year period. We did not allow for transplantation to occur during the initial training period, though in the presence of a rare tissue-type we accept that this may well be indicated.
In calculating an optimum input of new patients we felt initially inclined to accept the figure of 2-3 patients per month as this gave a 9500O chance of there being 27 or fewer patients in the dialysis unit in five years' time. The mean bed occupancy figures, however, would be 18 after one year and 20 in five years' time, and this policy would result in turning down patients with several empty beds in the unit. With the more realistic input of three patients per month then in one year the mean occupancy of the unit would be 22 with a 95% confidence limit of 29, and at the end of the fifth year the figures would be 26 and 34 respectively. Thus on many occasions the unit would be overfull, requiring presumably two dialysis sessions per day. This form of prediction will both serve to warn when the overcrowding is likely to occur, and also help shape the policy best adopted to deal with it. This will include supplying the unit with machines capable of performing two dialysis cycles every 24 hours, perhaps along the lines of the Portsmouth coil system (Down et al., 1970) .
At present we have three sterile side rooms used for isolation of patients and this is shortly to be increased to five. Using our input of three patients per month, we will require a mean number of 3-8 rooms at one year and 5-1 in five years, with confidence limits of 7-5 and 9-4 respectively. Obviously a total of five sterile rooms will not cover our future requirements and we should now start planning further additions. (Alwall, 1966; de Wardener, 1966; Lipworth, 1968; Branch et al., 1970 We hope that these concepts will help to solve some of the problems surrounding dialysis planning.
